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Abstract. Let < p < oo and < g < oo. For each / in the weighted Hardy 
space Hp^q, we show that d\\fr\\p,q/dr grows at most hke o(l/l — r) as r — > 1. 



1. Introduction 

Let D be the unit disk in the complex plane and < p < oo. The Hardy space 
H^(D) is the family of all analytic functions / in D satisfying 

ll/llp = lim ll/rllp < oo, 

r— >-l 

where 

If < 5 < c», define 

\\fr\\p,,-{^l^^\f{re^'W{l-r'ydey^' . 

The weighted Hardy space Hp^g{^) is the family of all analytic functions / in D 
satisfying 

ll/llp,9 = sup ||/r||p,g < OO. 
0<r<l 

It is trivial that Hp Q is just the classical Hardy space and Hp g is a Banach 
space for p > 1. There are many books about and Hp q such as Duren's book 
[3] and Zhu's book ,7i. It is well known that ||/r||p is a nondecreasing function of r. 
Furthermore, Hardy 4J showed that log ||/,.||p is a convex function of logr. Other 
properties of mean values of analytic functions can be found in [H El [6] . 

Recently, Mashreghi |:5] showed that d\\fr\\p/dr grows at most like o(l/l — r) as 
r — > 1. In this paper, we generalized this result to weighted Hardy spaces. 

2. Lemmas 

Suppose that / ^ is analytic in D. Let W{z) = |/(z)|p(1-|z|2)'? for < p < oo, 
< g < oo, and V be the gradient operator. 

Lemma 1. Let < r < 1 and — {z : \z\ < r}. For zq G and small e > 0, 
let D{zo,s) — {z : \z — zq\ < e} C -D,- and 

T [ rw /I h^^ „, 91og(r/|z|) ^_^, 
Ie= log r/ z — W )dt. 

JdD{za,s} ^ dn dn J 

If Zq ^ Q is a zero of f, then limj_j.o -^e ==0- If ~ then lim^^o = 27r|/(0)|^. 
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Proof. Since W{z) = |/(z)|p(1 — I^P)'', direct computation gives 
VWiz) = (1 - \zfrV\f{z)f + \f{zWS7{l - \zfy 



and 



So 



and 



|V|/(z)n < p\f{z)r'\f'iz)\, |V(1 - \z\y\ = 2q\z\{l - \z\') 



dW{z) 



dn 



< \vw{z)\ < (1 - \zfy\v\f{^)n + i/wnv(i - \z\'r\ 



< Pimrvizm - \z\y + 25|.||/(^)r(i - i^i^) 



2\q-l 



aiog(r/|z|) 



<|Vlog(r/|^|)| = ^ 



dn 
Write 

JdD(zo,e) ^ on dn 



de 



= / log(r/^o + ee*" ) ^— ^sde* - / W{z) ' dl 

Jo 9n JaD{zo,e) dn 

= h-h. 

For convenience, let C > be a constant independent of £, whose value may change 
from line to line. 

If ^0 7^ is a zero of order A: > 1, then < Ce^p and IJ2I < C£^+'^. Thus 

lime^o4(2o) = 0. 

If 2:0 = and f{zo) ^ 0, then |Ji| < elog(r/£) and 

nllT /'27r 

-h = / W{ee'^)de = (1 - ey / \f{£e'^)Y'd6. 
Jo Jo 

Hence lim^^o 4 = 27r|/(0)|P. 

At last, if 20 = is a zero of / of order fc > 1, then |7i| < Ce'^^' log(r/£) and 
1/2 1 < Cs'^P. We have lime^-o Is = 27r|/(0)|P also. □ 



Lemma 2. Let f € Hp^ g(D), 0<p<oo, 0<g<oo, and / # 0. Then 

lim r |/(re''')r(l - r^^de ~ 27r|/(0)|f = / \og{l/\z\)G{z)dxdy , 

where 

G{z) = (1 - \z\yvvf + 2w\ff . v(i - \z\^r + i/rv2(i - i^r)'- 

Proof. Since / ^ is analytic in B, for any < i? < 1, wc can choose r, R < r < 1 
such that / has finite many zeros in Dr = {\z\ < r} and no zeros on the circle dDr- 
Let {2:1, Z2,- " ) Zn} be the set consisting of and all zeros of / in Dr- Take £ > 
so small that {z : \z — Zk\ <e}<zDriovl<k<n, and all these disks are disjoint. 
Denote 

n 

n = Dr\[j{z:\z-Zk\<e}. 
fe=i 
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The function W{z) = |/(z)|^(l — is infinitely differentiable in a neighbor- 

hood of fl. Then by Green's theorem, we have 

^^log(r/|z|)v2W^(z)dxd2/ = ^^(log(r/|z|)^-VF^^^^^)(«. (2.1) 

Direct computation gives 

V^Wiz) = (1 - \zfyV^\f\P + 2V|/|P • V(l - \z\y + |/|PV2(1 - \z\y = G{z). 

The direction of every small circle in d^l is clockwise. For £ — >■ 0, by Lemma 1, 
formula (2.1) becomes 

/ (log(r/|z|)^-l^^^^^^)d£-27r|/(0)|P= / log{r/\z\)Giz)dxdy. 

The left-side of above formula is equal to 

W{re'^)d6-2-K\f{Q)\P. 

Now we obtain the lemma as r — >■ 1. □ 

3. The rate of increase of ||/r||p,. 
Theorem 1. Let f e Hp^ g(D) and / # 0, then 



d\\fr\\% 



= o(l/l — r) as r — )• 1. 



dr 

Proof. As in the proof of Lemma 2, we choose suitable r and e. Replacing log r/\z\ 
by logl/|^;|, by Green's theorem, we have, 

dW aiog(l/|^|)^ 



\og{l I \z\)V^W{z)dxdy = j^^[\og{l/\z\)^ -W^-^^^)dL (3.1) 
For e ^ 0, using Lemma 1 for r = 1, formula (3.1) turns into 
j \o%{ll\z\)a{z)dxdy = j (l„g(l/|j|)^-»'^MlM)<i«_2i|/(0)|P 

(.o.i^,„.v2^)...-2,i/(o)r 

= / W{re''^)de -rlogr / — (re'^)d6l - 27r|/(0)|f 
Jo Jo c'r 

/•2vr Mf lip 

= / |/(re"^)r(l - r'^fde - 27rrlogr ""^j"^'^ - 27r|/(0)|P. 
Now let r — > 1. By Lemma 2, we have 

dWfrVvn 

lim logr , = 0. 

dr 



Hence, 



lim ^^Mdlii = 0(1/ logr) = 0(1/1 - r). 

r^i dr 



□ 
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By Theorem 1, if limr^i ||/r||p,q 7^ 0, or for q — 0, \\fr\\p,q is increasing with r, 
then we can get hmr-j-i d\\fr\\p,q/dr = o(l/l — r). 

In the proof of Theorem 1, using 1 instead of logl/|2|, similar arguments can 
deduce 

d\\fr\\% ^ 

'\z\<r 

Corollary 1. /f / G Hp^q with < p < 00, < q < (x, then we have 



dr J\z\<r 



2Hm \f{re^')\P{l-rydO= f {I - \z\^)V^ (\f{z)\P{l - \z\y)dxdy 

+ 4 [ \f{z)\P{l - \z\ydxdy. (3.2) 
Jo 

Proof. Denote 

JdD{zo,e) ^ 9n dn J 

where zq is a zero of /. Similar arguments as in the proof of Lemma 1, we have 
lime^o Je = 0. Choosing suitable r and e as in the proof of Theorem 1, by Green's 
theorem, we have 

/ {l-\z\'')y^W{z)-W^{l-\z\'')-W{z)dxdy= I {{l-\z\^)^-W^^--^\d£ 
Jn Jdn ^ on dn y 

As e ^ 0, the above formula turns into 

.5(1 



/ {l-\zf)W^W{z) + AW{z)dxdy^ f (il-\z\^)^-W- 



dn 



dl 



j^J ((1 - r')^(re'^) + 2rVF(re'^))rrf^. (3.3) 



By Theorem 1, we have 



. 



lim / r(l-r2) — (re'^)rf6l = 2 1im (1-r)— / Wire^^)de 

The proof is completed by letting r — > 1 in formula (3.3). □ 

Note that V^l/]" = p^l/l^'-^l/'p. Taking g = in formula (3.2), we obtain 

r \f{e'')\Pde=^ [ {l-\z\')\f{z)r'\f{z)\'dxdy + 2 [ \f{z)\Pdxdy, 
Jo ^ Jb Jb 



which is reminiscent of Hardy-Stein identity 

/•2'r ^2 

2lT 



^ fj \f{e^')\''de = |/(0)r + \og^^\f{z)r^\r{z)\Hxdy. 
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